In this paper, we present an iterative method which merges experimental l-Raman measurements and numerical simulations to describe femtosecond written waveguides in LiNbO 3 crystals. This method is based on the deformation potential theory, and uses the finite element method to analyze elastic deformations after femtosecond laser micro-explosions in x-cut Mg:LiNbO 3 crystals. The resultant strain and refractive index field after laser interaction were estimated and yielded similar values to those obtained in other works. The LiNbO 3 Raman deformation potential constants were also estimated in this work.
I. INTRODUCTION
Ultra-short pulse (of hundreds of femtoseconds) laser writing has emerged in the last decade as an important tool for optical circuit fabrication. This method can be applied in an unlimited number of optical materials. The non-linear absorption as a consequence of there being many infrared photons in the focused region is the key to obtaining a suitable modification. In this sense, a large number of successful integrated guiding structures have been reported.
1,2
Femtosecond laser written waveguides have different optical properties according to the processing parameters employed. Because of the complexity of the physical phenomena, these parameters have been analyzed by several authors using empirical methods. [3] [4] [5] [6] Therefore, the processing parameters which can be used to generate a permanent waveguide are well-known, but the refractive index field of these waveguides has not been sufficiently studied.
On the basis of what is said above, femtosecond laser pulse interaction with transparent materials has at least two important aspects which are worth studying. One of these is the resulting strain field and, thus, the refractive index variation field, and the other is the non-thermodynamic expansion characteristics after femtosecond laser pulse interaction.
In the first of these research fields, this work provides an approximated quantitative description of the residual refractive index and residual strain field of femtosecond laser waveguides. This is the result of experimental l-Raman measurements and a self-developed finite-element code. By this procedure, the Nd:MgO:LiNbO 3 piezo-spectroscopic constants were also estimated in this work.
In the second of these research fields, the nonthermodynamic expansion process and the material phase modification generated from the interaction of femtosecond laser pulses with a transparent medium can be studied using the method presented in this paper.
Not much information is known about this phenomenon because it has many special characteristics. One of these is that the plasma is generated inside a material which has a high elastic constant. This generates a very high pressure if the plasma "tries" to expand, so the situation is very different from that existing in normal atmospheric conditions and it seems to be very difficult to reproduce it using other methods. [7] [8] [9] [10] [11] [12] [13] [14] [15] It is estimated that the phenomenon called "microexplosion" goes through the following steps:
16 nonlinear absorption, ionization, and reverse sublimation. According to previous works, inside the directly modified region during the expansion process pressures and temperatures near 1000 GPa and 10 6 K, respectively, are achieved. These values depend on the physical properties of the material and the laser processing conditions. [16] [17] [18] [19] [20] Associated with this research field, this work analyzes geometric characteristics of the volume change generated in the irradiated material after micro-expansion. This contribution is related to the basic physics of material-laser interaction.
Furthermore, studies of residual stresses at the microscale using Raman spectroscopy can be divided into two important groups. The first relates to materials used in microelectronics and micro electro-mechanical (MEMS) manufacturing, [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] and the other relates to photonic materials. [33] [34] [35] [36] These photonic materials are used as bulk material for the generation of optical and electro-optical circuits. The rapidly increasing number of electronic technology requirements has been the main reason for there being far more studies in the first group than in the second one.
This work can be classified as falling within the second topic because it deals with residual strain analysis in Mg:Nd:LiNbO 3 crystals, and this material is used to generate photonic structures. 
where V ij represents the deformation potential tensor, and e ij represents the strain tensor. Lithium niobate (LiNbO 3 ) belongs to the 3C spatial group and has 3 symmetries of optical phonons (A 1 , E 1 , and E 2 ). In this work, only A 1 transverse optical phonons (TOs) were used.
The A 1 phonon Raman matrix and A 1 phonon base functions are 33 A 1 Raman Matrix :
The terms in Eq.
(1) can be conveniently grouped as follows:
Taking into account Eqs. (2) and (3), the Raman phonon energy variation (DEA 1 ) for A 1 (TO) can be expressed as a function of strain. This is shown in the following equation:
where e, f are the A 1 phonon deformation potential constants, and DE A1 is the A 1 phonon energy variation. The shear components of the strain tensor (i.e., e xy, e xz , e yz ) do not appear in Eq. (4) because the non-diagonal A 1 Raman matrix components are all equal to zero.
As can be seen in Eq. (4), the A 1 deformation potential constants e and f relate the phonon energy shifts to the normal strain field.
To express phonon energy shifts as a function of stress, a material compliance matrix is needed. 
where ":" means symmetric element.
By ordering Eq. (5) and replacing it in Eq. (4), Eq. (6) is obtained
where
The values of e, f, e 0 , and f 0 have never, so far as we know, been measured in LiNbO 3 crystals. From Eq. (6), it can easily be deduced that DE A1 is equal to 2 Â e 0 þ f 0 when the crystal is under hydrostatic pressure. In this special condition, DE A1 ¼ dx=dp, so Eq. (9) is reached,
The values of dx=dp for LiNbO 3 have been measured experimentally. 37, 38 These values were used in the current method to estimate the ellipse expansion geometry in the numerical model. C. A 1 (TO) i dw/dp i variation with Mg-and Nd-doping
Neither the value of Mg:LiNbO 3 A 1 (TO) dx /dp i nor the value of Mg:Nd:LiNbO 3 A 1 (TO) dx/dp i have been measured experimentally. The Nd:Mg:LiNbO 3 Raman spectrum was compared with pure LiNbO 3 in the following works. [39] [40] [41] In these works, the following information is reported: for the A 1 (TO) 2 and A 1 (TO) 3 modes, small energy displacements were detected between doped and undoped LiNbO 3 , while for the A 1 (TO) 1 and A 1 (TO) 4 modes, no energy shift between doped and undoped LiNbO 3 was detected.
From the above, we can assume that LiNbO 3 A 1 (TO) dx=dp 1 and A 1 (TO) dx=dp 4 do not vary with Nd-and Mgdoping. From this assumption, the dx=dp 1 and dx=dp 4 reported in other works 37, 38 were used in the current work to estimate the ellipse expansion geometry in the numerical model. D. Numerical model: Waveguide origin and femtosecond laser pulse residual strain
Assumptions/approximations
Some assumptions used in Refs. 7, 42-44 were also used in the current work, while other assumptions were replaced or modified. In this section, each of the assumptions is explained and justified.
a. Residual strain method and photo-elasticity. In the present work, it was assumed that femtosecond laser waveguide residual deformations could be obtained from a numerical model, where an ellipse statically expanded within an elastic medium. It was also assumed that the refractive index variation was only due to the residual strain field, by means of the piezo-optic relationship. Both assumptions were used in this work because they had yielded acceptable results in other papers. 7, [42] [43] [44] b. Linear elastic deformation. The linear elastic deformation hypothesis was used in the current work because it had yielded good results in previous papers [42] [43] [44] and also because of its simplicity. Other more complex models, including plastic deformation, are proposed for future works as we think that this analysis exceeds the scope of the present work.
c. Plane strain (e yy ¼ 0, e zy ¼ 0, e yx ¼ 0). A plane strain assumption has been used in several works, [42] [43] [44] with good results. Before using this assumption, we will discuss when it can be applied to anisotropic material deformations.
In plane strain deformation, all deformation components not contained in the selected plane are required to be equal to zero. This simplification is applied to isotropic materials, and requires that the load does not vary in the direction normal to the analyzed plane. For example, it can be used to analyze a cylindrical tube under internal pressure. From a loading and geometric point of view, this example is similar to the problem solved in this work, but when the symmetry of the material is considered, it is not. This is because LiNbO 3 is an anisotropic material which normally does not allow plane strain deformation. Not all anisotropic materials allow the plane strain assumption to be made. Although the symmetry of loads corresponds to that necessary for plane strain deformation, unless the material plane of symmetry coincides with the selected plane, plane strain is not possible (e.g., if the selected plane is xz: e yy ¼ 0 but e zy 6 ¼ 0 and e yx 6 ¼ 0). For anisotropic materials, if the plane of symmetry coincides with the selected plane, the deformation can be decomposed into "in-plane deformation" and "anti-plane deformation," which are uncoupled deformations. 45 In this case, plane strain simplification can be used to determine inplane deformations. A LiNbO 3 crystal does not have a symmetry plane in the analyzed plane (xz), but the value of the compliance matrix element which means that LiNbO 3 does not have this symmetry, (C 14 ), is about 70 times smaller than the other matrix elements. Also, it was numerically verified in Ref. 46 that plane strain deformation is an acceptable assumption for the material symmetry and the plane selected in the current work. Taking into account the previous paragraphs, plane strain deformation was conducted in the present work.
d. Nd-doping does not produce changes in the LiNbO 3 compliance matrix. According to ultrasonic experiments from previous works, [47] [48] [49] the variation in the LiNbO 3 compliance matrix due to Mg-doping is low (about 2%). No explicit information was found about the effect of Nd-doping on the compliance matrix. So, taking into account the following information:
• The Nd ion is in a lower ratio (0.3%) than that of the Mg ion (5%) and is situated only in some unitary cells of the crystal structure; 40 and
• There are no reported changes in the LiNbO 3 Raman spectrum because of this rare earth doping, 40 it is assumed that Nd-doping does not affect the LiNbO 3 compliance matrix, so the Mg:LiNbO 3 compliance matrix, shown in Eq. (5), is used for our numerical simulations.
e. Non-proportional expansion. In others works, 42 
This assumption is not used in a later work, 44 
The volume variation is
Considering that the origin of the physical process is a "micro-expansion" and re-solidification of an amorphous material, 44 we infer the following:
• In the elliptical geometry model of the laser-material interaction zone, if the effect of an internal pressure is studied as if it were exerted by a gas, the resulting deformation would be qualitatively different from that produced by a proportional expansion.
46
• On the other hand, the effect mentioned above could be modified by material re-solidification, which would generally result in a different deformation from that obtained from the application of an internal pressure.
Considering this analysis, we thought it unsuitable to perform a quantitative analysis using the geometrical proportionality assumption, so have not yet been estimated or measured, although they have been estimated for other materials such as cerium, samarium sulfide, germanium, and bismuth. 50 As the estimation of the experimental or analytical geometric change which takes place in the explosion process is beyond the scope of this study, the deformation parameters become setting parameters. The expression adopted for them is presented in Eq. (11) .
The following statements about the expressions in Eq. (11) must be taken into account:
The expressions are applied to a first quadrant ellipse quarter, so the signs should be appropriately changed for using them in other quadrants.
The degree of the expressions in Eq. (11) is established at 3 to improve the boundary fit, and the form of them is selected in such a way as to not have discontinuities for x ¼ 0 and y ¼ 0 (boundary quadrants) for either the displacements or their derivatives,
where Dz i is the i-point x-direction displacement along the ellipse boundary; Dx i is the i-point y-direction displacement along the ellipse boundary; z i is the x-coordinate of the i-point; x i is the y-coordinate of the i-point; and a i and b i are setting parameters.
f. Hypothetical expansion of the ellipse. The resultant variation of the refractive index in the filament has been qualitatively used in Refs. 42 and 44, which have been mentioned above, to estimate the volume change produced during expansion. This has been done using the ClausiusMossotti relation 51 presented in Eq. (12a). In the current work, as stated before, the parameters which define the ellipse area variation are used as setting parameters and they were not set beforehand. However, Eqs. (10) and (12b) were used to estimate initial values of the setting parameters in the present work,
where n is the material refractive index and Dn is the refractive index variation.
III. EXPERIMENTAL WORK
For waveguide generation and l-Raman measurements, a Nd:Mg:LiNbO 3 x-cut sample was used. The sample Ndand Mg-doping ratios were 0.3% and 5%, respectively.
A. Waveguide generation
To generate the structural change that forms the waveguides, 796 nm Ti: Sapphire amplified laser pulses, with a pulse duration of 120 fs, a repetition rate of 1 kHz, and a 1 lJ pulse energy were used. The laser was focused inside the bulk sample by using a 10 X (NA ¼ 0.3) microscope objective. The sample was moved along the y-direction with a 0.2 lm resolution positioning system at a rate of 50 lm/s. 34, 52 The resulting structure allowed light guidance. Figure 1(a) shows the fundamental guided mode at 532 nm. In the dark elliptical areas, a refractive index decrease of 10 À2 was estimated, while around the "ellipses" an increase of the refractive index allowed light guidance as is shown in this figure. Also, a scheme of sample processing is presented in Figure 1(b) .
B. l-Raman spectroscopy
Back-scattering l-Raman spectroscopy in an x(zz)x configuration was used to study the residual mechanical deformations of the sample in the waveguide zone. For l-Raman experiments, a 200 mW argon laser centered at 488 nm, and a Confocal Olympus BX-41 microscope, were used. In the latter, an objective of 50 X (NA ¼ 0.75), a set of notch filters, and a polarizer were used. 52 The focus of the pumping laser was moved by means of a 0.1 lm resolution motorized XYZ station with steps of 0.5 lm. The Raman spectra were measured and stored for each point along the path b 0 b 00 shown in C. l-Raman energy variation analysis using a numerical simulation and phonons energy variation under hydrostatic pressure
Method description
The aim of this work is to present a method which can be used to estimate:
• Residual strain field after femtosecond laser processing, and waveguide refractive index field; • Geometrical parameters of volume change during "microexpansion" inside the material after femtosecond interaction; and • Piezo-spectroscopic constants of Nd:Mg:LiNbO 3 lithium niobate A 1 (TO) i phonons, which determine the energy shift of these phonons as a function of a strain tensor. [29] [30] [31] This method involves the linking of three elements by the linear deformation potential theory. These elements are:
the measurement of displacements of the modes A 1 (TO) produced in a straight waveguide generated by femtosecond laser pulses; (ii) a finite element model similar to that implemented in other works; [42] [43] [44] and (iii) experimental measurements 37, 38 of A 1 (TO) i phonons shifting under hydrostatic pressure.
For a better understanding, a block diagram of the method is shown in Figure 3 .
As indicated above, deformation potential theory relates Raman phonon energy shifts to the applied strain 30, 32 through Eq. (4), so, knowing the phonon energy shifts and the deformation potential constants, the strain field can be determined.
In the present analysis, the phonon energy shift in the waveguide section was measured along the b 0 b 00 path (Sec. III B), but the LiNbO 3 deformation potential constants were not known beforehand. Bearing this in mind, an iterative process was generated using a finite element model. In this model an ellipse expanded, arbitrarily following Eq. (11), in an anisotropic elastic medium with the elastic properties of LiNbO 3 .
The iterative process ended when the estimated values of dx/dp matched the values reported in the literature. 37, 38 Taking into account the fact that the residual strain field generated by the micro-explosion after the femtosecond laser interaction is the most important contribution to the light confinement, 42,43 the refractive index variation was estimated using the Mg:LiNbO 3 piezo-optical matrix from the resulting strain field.
Method procedure (i)
The initial expansion parameters mentioned in Sec. II D 1 e and the initial geometrical radii (a ¼ 1 lm and b ¼ 11 lm) of the ellipse shown in Figure 4 below were set. (ii)
Using these parameter values, a strain field in the zxplane around the ellipse was estimated using the code MATFESA. 46 (iii) The estimated values for z-strain and x-strain along the path b 0 b 00 were taken from the strain field. (iv) Then, using the strains along the path b 0 b 00 , experimental measurements of phonon energy shifts along the path b 0 b 00 , and the e 0 and f 0 values of Eqs. (4)- (8) were estimated for each phonon. To fit l-Raman experimental measurements to the estimated strains, the minimum square error method was applied. (v) dx/dp i values were estimated with Eq. (9) using the e 0 and f 0 values previously determined. (vi) Estimated values of dx/dp 1 and dx/dp 4 were compared with the experimentally measured values (dx/dp 1 ¼ 0.2 and dx/dp 4 ¼ 0.15) 37,38 for each iteration j, using
where dx/dp kj (a j ,b j ,a ij ,b ij ) is the j-iteration dx/dp k value. (vii) The algorithm "fminsearch.m," available in the MAT-LAB standard package, was used to fit the parameters a, b, a i , and b i in order to satisfy the conditions in the following equation:
(viii) The refractive index variation along the path b 0 b 00 was estimated using the resulting strains, the Mg:LiNbO 3 piezo-optic matrix 47 and Eq. (15) 
where p ijkl is the Mg:LiNbO 3 piezo-optical tensor, and e kl is the strain tensor.
IV. RESULTS AND DISCUSSION
A. Estimated strain and refractive index variation (Dn)
The strain field obtained in the present work agreed qualitatively with that obtained by other authors. 42, 44 The strain values obtained along the path b 0 b 00 are shown in Figure 5 . The curve corresponding to e zz had a higher absolute value than that corresponding to e xx . The first function reached a maximum value of 0.02, while the latter reached a minimum value of À0.01. The values mentioned here were both reached at about 2 lm from the center of the modification zone. The stress range corresponding to the strains along the path b 0 b 00 was between 0 and 4000 MPa. The resulting refractive index also agreed qualitatively with that obtained before. 42, 44 The refractive index variation obtained along the path b 0 b 00 is shown in Figure 6 . As can be seen, Dn z and Dn x had a maximum absolute value of 10 À2 , situated around 2 lm from the center of the ellipse. Dn x determined the guided zone around the ellipse. The guided zone was extended about 10 lm towards both sides of the ellipse. The refractive index variation values and stress values obtained exceeded those measured in other works 42 by an order of magnitude. This fact is attributed to a higher femtosecond pulse intensity being used during the femtosecond material processing in the present work, which means that higher residual deformations and refractive index variations are expected. Figure 7 . It can be seen that a relatively good fit of energy shifts was generated with the method developed in the current work, because the fitting curves have a mean square error of about 0.1.
In Figure 7 , it can be seen that the A 1 (TO) 2 and A 1 (TO) 3 phonons were approximately three times more sensitive to deformations than the A 1 (TO) 1 and A 1 (TO) 4 phonons for the analyzed strain field. The variation of the A 1 (TO) 2 and A 1 (TO) 3 phonons had a similar shape although they were associated with different lattice motions. 52 The same fact occurred with the A 1 (TO) 1 and A 1 (TO) 4 phonons.
It can be noted that the behavior of the A 1 (TO)i phonons mentioned in the previous paragraph also occurred with the experimental dw/dp i values of pure lithium niobate. 37, 38 
C. Expansion parameters
The expansion parameters obtained (see Table I ) indicate that, according to the model used in this work, the change in the area of the ellipse occurs mainly along the vertical direction (which corresponds to the crystal x-axis). From Table I , it can also be seen that the fit is two orders of magnitude less sensitive to horizontal expansion than to vertical expansion. This feature was well-fitted with the trial functions proposed in this work. This result can be seen in Figure 4 (left), where a quarter of the ellipse and its expansion were plotted. According to those values, an expansion of about 15% was reached by the ellipse after laser processing with the experimental parameters used in this paper. This value agrees with the expansion value after femtosecond laser interaction which was theoretically estimated in another work. 50 
D. Deformation potential constants or piezospectroscopic constants
The Mg:LiNbO 3 deformation potential constants shown in Table II were estimated in the current work. By taking into account the fitting parameters and their accuracy, shown in Table I , we can assert that the values of the piezospectroscopic constants are insensitive to horizontal expansion, within the accuracy of Table I . On the other hand, considering the horizontal and vertical expansion, the piezospectroscopic constant values obtained yielded a maximum error of 10%. Finally, as no previous values were found, we cannot make any comparison, but the values found are in the same range as those reported in other crystals. 33, 54 It may be noted that the e and f values obtained, except f A1TO2 , are all negative. This agrees with the common phonon behavior of moving to lower energies when external pressure is increased. 31, 37, 38 V. CONCLUSIONS An iterative numerical method to estimate the residual strain field in femtosecond laser written waveguides and LiNbO 3 A 1 (TO) i Raman piezo-spectroscopic constants (e and f) is presented in this work.
This method can be used in any other transparent materials, if the values of dx=dp i are known or have been previously estimated. However, in order to use this method with another material, a crystal geometry and an optical phonon analysis are required.
The strain field and refractive index variations obtained in the waveguide zone are qualitatively in agreement with those presented in the literature, which should prove to be useful for improving the design and development of photonic circuits generated with femtosecond laser pulses. The proposed method can be used to characterize 3-dimensional femtosecond waveguide structures quantitatively.
Furthermore, after femtosecond laser interaction, an expansion of about 15% of the volume in the directly modified zone was estimated. This information is important for understanding the basic aspects of the femtosecond lasermaterial interaction. 
